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NONCROSSED PRODUCT MATRIX SUBRINGS AND
IDEALS OF GRADED RINGS
JOHAN ÖINERT AND PATRIK LUNDSTRÖM
Abstrat. We show that if a groupoid graded ring has a ertain nonzero
ideal property and the prinipal omponent of the ring is ommutative,
then the intersetion of a nonzero twosided ideal of the ring with the
ommutant of the prinipal omponent of the ring is nonzero. Further-
more, we show that for a skew groupoid ring with ommutative prini-
pal omponent, the prinipal omponent is maximal ommutative if and
only if it is interseted nontrivially by eah nonzero ideal of the skew
groupoid ring. We also determine the enter of strongly groupoid graded
rings in terms of an ation on the ring indued by the grading. In the
end of the artile, we show that, given a nite groupoid G, whih has a
nonidentity morphism, there is a ring, strongly graded by G, whih is
not a rossed produt over G.
1. Introdution
Let R be a ring. By this we always mean that R is an additive group
equipped with a multipliation whih is assoiative and unital. The identity
element of R is denoted 1R and is always assumed to be nonzero. We always
assume that ring homomorphisms respet the multipliative identities. The
set of ring endomorphisms of R is denoted End(R) and the enter of R is
denoted Z(R). By the ommutant of a subset S of a ring R, denoted CR(S),
we mean the set of elements of R that ommute with eah element of S.
Suppose that R1 is a subring of R i.e. that there is an injetive ring
homomorphism R1 → R. Reall that if R1 is ommutative, then it is alled
a maximal ommutative subring of R if it oinides with its ommutant in
R. A lot of work has been devoted to investigating the onnetion between
on the one hand maximal ommutativity of R1 in R and on the other hand
nonemptyness of intersetions of R1 with nonzero twosided ideals of R (see
[2℄, [4℄, [5℄, [8℄, [9℄, [10℄, [18℄ and [26℄). Reently (see [21℄, [22℄, [23℄, [24℄ and
[25℄) suh a onnetion was established for the ommutant R1 of the identity
omponent of strongly group graded rings and group rossed produts (see
Theorem 1 and Theorem 2 below). Let G be a group with identity element
e. Reall that a ring R is graded by the group G if there is a set of additive
subgroups, Rs, s ∈ G, of R suh that R =
⊕
s∈GRs and RsRt ⊆ Rst,
s, t ∈ G; if RsRt = Rst, s, t ∈ G, then R is alled strongly graded. The
subring Re of R is alled the identity omponent of R. The following result
appears in [25℄.
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Theorem 1. If a strongly group graded ring has ommutative identity om-
ponent, then the intersetion of a nonzero twosided ideal of the ring with the
ommutant of the prinipal omponent in the ring is nonzero.
Reall that rossed produts are dened by rst speifying a rossed sys-
tem i.e. a quadruple {A,G, σ, α} where A is a ring, G is a group and
σ : G → End(A) and α : G × G → A are maps satisfying the following
four onditions:
(1) σe = idA
(2) α(s, e) = α(e, s) = 1A
(3) α(s, t)α(st, r) = σs(α(t, r))α(s, tr)
(4) σs(σt(a))α(s, t) = α(s, t)σst(a)
for all s, t, r ∈ G and all a ∈ A. The rossed produt, denoted A ⋊σα G,
assoiated to this quadruple, is the olletion of formal sums
∑
s∈G asus,
where as ∈ A, s ∈ G, are hosen so that all but nitely many of them are
zero. By abuse of notation we write us instead of 1us for all s ∈ G. The
addition on A⋊σα G is dened pointwise
(5)
∑
s∈G
asus +
∑
s∈G
bsus =
∑
s∈G
(as + bs)us
and the multipliation on A⋊σα G is dened by the bilinear extension of the
relation
(6) (asus)(btut) = asσs(bt)α(s, t)ust
for all s, t ∈ G and all as, bt ∈ A. By (1) and (2) ue is a multipliative identity
of A⋊σα G and by (3) the multipliation on A ⋊
σ
α G is assoiative. There is
also an A-bimodule struture on A ⋊σα G dened by the linear extension of
the relations a(bus) = (ab)us and (aus)b = (aσs(b))us for all a, b ∈ A and all
s, t ∈ G, whih, by (4), makes A⋊σα G an A-algebra. Note that A⋊
σ
α G is a
group graded ring with the grading (A⋊σα G)s = Aus, s ∈ G; it is lear that
this makes A⋊σαG a strongly graded ring if and only if eah α(s, t), s, t ∈ G,
has a left inverse in A. In [24℄, the following result was shown.
Theorem 2. If A ⋊σα G is a rossed produt with A ommutative, all σs,
s ∈ G, are ring automorphisms and none of the α(s, s−1), s ∈ G, are zero
divisors in A, then every intersetion of a nonzero twosided ideal of A⋊σα G
with the ommutant of A in A⋊σα G is nonzero.
For more details onerning group graded rings in general and rossed
produt algebras in partiular, see e.g. [1℄, [7℄ and [15℄.
Many natural examples of rings, suh as rings of matries, rossed prod-
ut algebras dened by separable extensions and ategory rings, are not in
any natural way graded by groups, but instead by ategories (see [11℄, [12℄,
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[13℄ and [20℄). The main purpose of this artile is to obtain a simultane-
ous generalization (see Theorem 3) of Theorem 1 and Theorem 2 as well as
extending the result from gradings dened by groups to groupoids. To be
more preise, suppose that G is a ategory. The family of objets of G is
denoted ob(G); we will often identify an objet in G with its assoiated iden-
tity morphism. The family of morphisms in G is denoted ob(G); by abuse of
notation, we will often write s ∈ G when we mean s ∈ mor(G). The domain
and odomain of a morphism s in G is denoted d(s) and c(s) respetively.
We let G(2) denote the olletion of omposable pairs of morphisms in G i.e.
all (s, t) in mor(G) ×mor(G) satisfying d(s) = c(t). A ategory is alled a
groupoid if all its morphisms are invertible. Reall from [12℄ that a ring R is
alled graded by the ategory G if there is a set of additive subgroups, Rs,
s ∈ G, of R suh that R =
⊕
s∈GRs and for all s, t ∈ G, we have RsRt ⊆ Rst
if (s, t) ∈ G(2) and RsRt = {0} otherwise; if RsRt = Rst, (s, t) ∈ G
(2)
, then
R is alled strongly graded. By the prinipal omponent of R we mean the
set R0 :=
⊕
e∈ob(G)Re. We say that R has the nonzero ideal property if to
eah isomorphism s ∈ G and eah nonzero x ∈ Rs, the right R0-ideal xRs−1
is nonzero. In Setion 2, we prove the following result.
Theorem 3. If a groupoid graded ring has the nonzero ideal property, then
the intersetion of a nonzero twosided ideal of the ring, with the ommutant
of the enter of the prinipal omponent of the ring, is nonzero.
Theorem 3 generalizes Theorem 1 and Theorem 2. In fat, suppose that
R is a ring graded by the group G and that we have hosen s ∈ G and a
nonzero x ∈ Rs. If R is strongly graded, then 0 6= x = x1R ∈ xRs−1Rs,
whih implies that the right R0-ideal xRs−1 is nonzero. Now suppose that R
is a group graded rossed produt A⋊σαG. Then x = asus for some nonzero
as ∈ Ae. Hene asα(s, s
−1) = xus−1 ∈ xRs−1 . Therefore the right R0-ideal
xRs−1 is nonzero as long as α(s, s
−1) is not a zero divisor in Ae.
In Setion 3, we generalize [19, Theorem 3.4℄, [20, Corollary 6℄ and [20,
Proposition 10℄ by proving the following result.
Theorem 4. If A⋊σG is a skew groupoid algebra with all Ae, for e ∈ ob(G),
ommutative rings and | ob(G)| < ∞, then A is maximal ommutative in
A⋊σG if and only if every intersetion of a nonzero twosided ideal of A⋊σG
and A is nonzero.
The seondary purpose of this artile is to determine the enter of strongly
groupoid graded rings R in terms of a groupoid ation on R dened by the
grading (see Theorem 6 in Setion 4). This generalizes a result for group
graded rings by the rst author together with Silvestrov, Theohari-Apostolidi
and Vavatsoulas (see Lemma 3(iii) in [25℄) to the groupoid graded situation.
In Setion 5, we show that the lass of strongly groupoid graded rings
whih are not rossed produts, in the sense dened in [20℄, is nonempty for
any given groupoid with a nite number of objets. In fat, we show, by an
expliit onstrution, the following result.
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Theorem 5. Given a nite groupoid G, whih has a nonidentity morphism,
there is a ring, strongly graded by G, whih is not a rossed produt over G.
2. Ideals
In this setion, we prove Theorem 3 and a orollary thereof. To this end,
and for use in the next setion, we gather some fairly well known fats from
folklore onerning graded rings in a lemma (see also [12℄ and [15℄). We
also show that the ommutant of the prinipal omponent of rings graded
by anellable ategories, is again a graded ring (see Proposition (1)); this
result will be used in Setion 3.
Lemma 1. Suppose that R is a ring graded by a anellable ategory G. We
use the notation 1R =
∑
s∈G 1s where 1s ∈ Rs, s ∈ G. (a) 1R ∈ R0; (b) if we
let H denote the set of s ∈ G with 1d(s) 6= 0 6= 1c(s), then H is a subategory
of G with nitely many objets and R =
⊕
s∈H Rs; () if G is a groupoid
(or group), then H is a groupoid (or group); (d) if s ∈ G is an isomorphism,
then RsRs−1 = Rc(s) if and only if RsRt = Rst for all t ∈ G with d(s) = c(t).
In partiular, if G is a groupoid (or group), then R is strongly graded if and
only if RsRs−1 = Rc(s), s ∈ G.
Proof. (a) If t ∈ G, then 1t = 1R1t =
∑
s∈G 1s1t. Sine G is anellable, this
implies that 1s1t = 0 whenever s ∈ G \ ob(G). Therefore, if s ∈ G \ ob(G),
then 1s = 1s1R =
∑
t∈G 1s1t = 0.
(b) Sine d(st) = d(t), c(st) = c(s) for all (s, t) ∈ G(2), we get that H is
a subategory of G. By the fat that 1R =
∑
s∈ob(H) 1s, we get that ob(H)
is nite. Suppose that s ∈ G \ H is hosen suh that 1c(s) = 0. Then
Rs = 1RRs = 1c(s)Rs = {0}. The ase when 1d(s) = 0 is treated similarly.
() Suppose that G is a groupoid (or group). Sine d(s−1) = c(s) and
c(s−1) = d(s), s ∈ G, it follows that H is a subgroupoid (or subgroup) of G.
(d) The if statement is lear. Now we show the only if statement.
Take (s, t) ∈ G(2) and suppose that RsRs−1 = Rc(s). Then, by (a), we get
that RsRt ⊆ Rst = Rc(s)Rst = RsRs−1Rst ⊆ RsRs−1st = RsRt. Therefore,
RsRt = Rst. The last part follows immediately. 
Proposition 1. Suppose that R is a ring graded by a ategory G and that
A is a graded additive subgroup of R. For eah s ∈ G, denote CR(A)s :=
CR(A) ∩Rs. If s, t ∈ G, then
(a) CR(A)s =
⋂
u∈GCRs(Au);
(b) CR(A)sCR(A)t ⊆
{
CR(A)st, if (s, t) ∈ G
(2),
{0}, otherwise;
() CR(R0) is a graded subring of R with
CR(R0)s =
{
CRs(Rd(s)), if c(s) = d(s),{
rs ∈ Rs | Rc(s)rs = rsRd(s) = {0}
}
, otherwise;
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(d) if 1R ∈ R0, then CR(R0) is a graded subring of R with
CR(R0)s =
{
CRs(Rd(s)), if c(s) = d(s),
{0}, otherwise.
In partiular, if G is anellable, then the same onlusion holds.
Proof. (a) This is a onsequene of the following hain of equalities CR(A)s =
CR(A) ∩Rs = CRs(A) = CRs(
⊕
u∈GAu) =
⋂
u∈G CRs(Au).
(b) Suppose that u ∈ G, au ∈ Au, (s, t) ∈ G
(2)
and that rs ∈ CR(A)s and
r′t ∈ CR(A)t. Then (rsr
′
t)au = rs(r
′
tau) = rs(aur
′
t) = (rsau)r
′
t = (aurs)r
′
t =
au(rsr
′
t). Therefore rsr
′
t ∈ CRst(Au) for all u ∈ G. Hene rsr
′
t ∈ CR(A)st. If,
on the other hand, (s, t) /∈ G(2), then, by (a), we get that CR(A)sCR(A)t ⊆
RsRt = {0}.
() It is lear that CR(R0) ⊇
⊕
s∈GCR(R0)s. Now we show the reversed
inlusion. Take x ∈ CR(R0), e ∈ ob(G) and ae ∈ Re. Then
∑
s∈G xsae =∑
s∈G aexs. By omparing terms of the same degree, we an onlude that
xsae = aexs for all s ∈ G. Sine e ∈ ob(G) and ae ∈ Ae were aritrarily
hosen this implies that xs ∈ CR(R0)s for all s ∈ G. Now we show the
seond part of (). Take e ∈ ob(G). Suppose that c(s) = d(s). If d(s) 6= e,
then CRs(Re) = Rs. Hene
⋂
e∈ob(G) CRs(Re) = CRs(Rd(s)). Now suppose
that c(s) 6= d(s). If c(s) 6= e 6= d(s), then CRs(Re) = Rs. Therefore,⋂
e∈ob(G) CRs(Re) = CRs(Rc(s))
⋂
CRs(Rd(s)); CRs(Rc(s)) equals the set of
rs ∈ Rs suh that ars = rsa for all a ∈ Rc(s). Sine d(s) 6= c(s), we get that
rsae = 0; CRs(Rd(s)) is treated similarly.
(d) The laims follow immediately from (). In fat, suppose that c(s) 6=
d(s). Take rs ∈ Rs suh that Rc(s)rs = {0}. Then rs = 1Rrs = 1c(s)rs = 0.
If G is anellable, then, by Lemma 1(a), the multipliative identity of R
belongs to R0. 
Proof of Theorem 3. We prove the ontrapositive statement. Let C de-
note the ommutant of Z(R0) in R and suppose that I is a twosided ideal
of R with the property that I ∩ C = {0}. We wish to show that I = {0}.
Take x ∈ I. If x ∈ C, then by the assumption x = 0. Therefore we now
assume that x =
∑
s∈G xs ∈ I, xs ∈ Rs, s ∈ G, and that x is hosen so
that x /∈ C with the set S := {s ∈ G | xs 6= 0} of least possible ardinality
N . Seeking a ontradition, suppose that N is positive. First note that
there is e ∈ ob(G) with 1ex ∈ I \ C. In fat, if 1ex ∈ C for all e ∈ ob(G),
then x = 1Rx =
∑
e∈ob(G) 1ex ∈ C whih is a ontradition. Note that,
by Lemma 1(b), the sum
∑
e∈ob(G) 1e, and hene the sum
∑
e∈ob(G) 1ex, is
nite. By minimality of N , we an assume that c(s) = e, s ∈ S, for some
xed e ∈ ob(G). Take t ∈ S. By the nonzero ideal property there is y ∈ Rt−1
with xty 6= 0. By minimality of N , we an therefore from now on assume
that e ∈ S and d(s) = c(s) = e for all s ∈ S. Take d =
∑
f∈ob(G) df ∈ Z(R0)
where df ∈ Rf , f ∈ ob(G) and note that Z(R0) =
⊕
f∈ob(G) Z(Rf ). Then
I ∋ dx− xd =
∑
s∈S
∑
f∈ob(G)(dfxs − xsdf ) =
∑
s∈S dexs − xsde. In the Re
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omponent of this sum we have dexe−xede = 0 sine de ∈ Z(Re). Thus, the
summand vanishes for s = e, and hene, by minimality of N , we get that
dx − xd = 0. Sine d ∈ Z(R0) was arbitrarily hosen, we get that x ∈ C
whih is a ontradition. Therefore N = 0 and hene S = ∅ whih in turn
implies that x = 0. Sine x ∈ I was arbitrarily hosen, we nally get that
I = {0}. 
Corollary 1. If a groupoid graded ring has the nonzero ideal property and
the prinipal omponent of the ring is maximal ommutative, then the inter-
setion of a nonzero twosided ideal of the ring with the prinipal omponent
of the ring is nonzero.
Proof. This follows immediately from Theorem 3. 
3. Skew ategory algebras
We shall reall the denition of a skew ategory ring from [20℄. By a skew
system we mean a triple {A,G, σ} where G is an arbitrary small ategory,
A is the diret sum of rings Ae, e ∈ ob(G), σs : Ad(s) → Ac(s), for s ∈ G, are
ring homomorphisms, satisfying the following two onditions:
(7) σe = idAe
(8) σs(σt(a)) = σst(a)
for all e ∈ ob(G), all (s, t) ∈ G(2) and all a ∈ Ad(t). Let A⋊
σ G denote the
olletion of formal sums
∑
s∈G asus, where as ∈ Ac(s), s ∈ G, are hosen
so that all but nitely many of them are zero. Dene addition on A ⋊σ G
by (5) and dene multipliation on A ⋊σ G as the bilinear extension of the
relation
(9) (asus)(btut) = asσs(bt)ust
if (s, t) ∈ G(2) and (asus)(btut) = 0 otherwise where as ∈ Ac(s) and bt ∈
Ac(t). One an show that A ⋊
σ G has a multipliative identity if and only
if ob(G) is nite; in that ase the multipliative identity is
∑
e∈ob(G) ue. It
is easy to verify that the multipliation on A ⋊σ G is assoiative. Dene
a left A-module struture on A ⋊σ G by the bilinear extension of the rule
ae(bsus) = (aebs)us if e = c(s) and ae(bsus) = 0 otherwise for all ae ∈ Ae,
bs ∈ Ac(s), e ∈ ob(G), s ∈ G. Analogously, dene a right A-module struture
on A ⋊σ G by the bilinear extension of the rule (bsus)cf = (bsσs(cf ))us if
f = d(s) and (bsus)cf = 0 otherwise for all bs ∈ Ac(s), cf ∈ Af , f ∈ ob(G),
s ∈ G. By (8) this A-bimodule struture makes A ⋊σα G an A-algebra. We
will often identify A with
⊕
e∈ob(G)Aeue; this ring will be referred to as the
oeient ring or prinipal omponent of A⋊σα G. It is lear that A⋊
σ
αG is
a ategory graded ring in the sense of [12℄ and it is strongly graded. We all
A⋊σ G the skew ategory algebra assoiated to the skew system {A,G, σ}.
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Proposition 2. If A ⋊σ G is a skew ategory algebra with all Ae, for e ∈
ob(G), ommutative rings and | ob(G)| <∞, suh that every intersetion of
a nonzero twosided ideal of A ⋊σ G and A is nonzero, then A is maximal
ommutative in A⋊σ G.
Proof. We show the ontrapositive statement. Suppose that A is not maxi-
mal ommutative in A ⋊σ G. Then, by Proposition 1(d), there exists some
s ∈ G \ G0, with d(s) = c(s), and some nonzero rs ∈ Ac(s), suh that rsus
ommutes with all of A. Let I be the (nonzero) ideal in A⋊σG generated by
the element rsuc(s) − rsus. Note that all elements of I are sums of elements
of the form
(10) agug(rs − rsus)ahuh
for g, h ∈ G, ag ∈ Ac(g) and ah ∈ Ac(h). Suppose that (g, h) ∈ G
(2)
, for
otherwise the above element is automatially zero. We may now simplify:
agug(rs − rsus)ahuh = agσg(rsah)ugh − agσg(ahrs)ugsh
= agσg(rsah)︸ ︷︷ ︸
=:b
ugh − agσg(rsah)︸ ︷︷ ︸
=b
ugsh
Consider the additive map
ϕ : A⋊σ G→ A,
∑
s∈G
asus 7→
∑
s∈G
as.
It is lear that the restrition of ϕ to A is injetive. And sine eah element
of I is a sum of elements of the form (10) it follows that ϕ is identially zero
on all of I. This shows that I ∩ A = {0} and hene the desired onlusion
follows. 
Proof of Theorem 4. The if statement follows from Theorem 3. The
only if statement follows from Proposition 2 if we let G be a groupoid. 
4. The enter
In this setion, we determine the enter of strongly groupoid graded rings
(see Theorem 6) in terms of an ation on the ring indued by the grading
(see Denition 2). This is established through three propositions formulated
in a slightly more general setting.
Proposition 3. Suppose that R is a ring graded by a ategory G and that
s ∈ G is an isomorphism. For eah positive integer i take a
(i)
s , c
(i)
s ∈ Rs and
b
(i)
s−1
, d
(i)
s−1
∈ Rs−1 with the property that a
(i)
s = b
(i)
s−1
= c
(i)
s = d
(i)
s−1
= 0 for all
but nitely many i. If x, y ∈ CR(Rs−1Rs) and
A =
∞∑
i=1
a(i)s xyb
(i)
s−1
∞∑
j=1
c(j)s d
(j)
s−1
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B =
∞∑
i=1
a(i)s xb
(i)
s−1
∞∑
j=1
c(j)s yd
(j)
s−1
C =
∞∑
i=1
a(i)s b
(i)
s−1
∞∑
j=1
c(j)s xyd
(j)
s−1
then A = B = C. In partiular, if G is anellable and
∞∑
i=1
a(i)s b
(i)
s−1
=
∞∑
j=1
c(j)s d
(j)
s−1
= 1c(s)
then the following equalities hold
(11)
∞∑
i=1
a(i)s xb
(i)
s−1
=
∞∑
j=1
c(j)s xd
(j)
s−1
(12)
∞∑
i=1
a(i)s xyb
(i)
s−1
=
∞∑
i=1
a(i)s xb
(i)
s−1
∞∑
i=1
a(i)s yb
(i)
s−1
Proof. Suppose that x, y ∈ CR(Rs−1Rs). The equality A = B (or B = C)
follows from the fat that y (or x) ommutes with b
(i)
s−1
c
(j)
s for all positive
integers i and j. The equality (11) follows from Lemma 1(a) and the equality
A = C with y = 1d(s). The equality (12) follows from Lemma 1(a), equality
(11) and the equality A = B. 
Proposition 4. Suppose that R is a ring graded by a ategory G and that
s, t ∈ G are isomorphisms with d(s) = c(t). For eah positive integer i take
a
(i)
s ∈ Rs, b
(i)
s−1
∈ Rs−1, c
(i)
t ∈ Rt, d
(i)
t−1
∈ Rt−1 , p
(i)
st ∈ Rst and q
(i)
(st)−1
∈ R(st)−1
with the property that a
(i)
s = b
(i)
s−1
= c
(i)
t = d
(i)
t−1
= p
(i)
st = q
(i)
(st)−1
= 0 for all
but nitely many i. If x ∈ CR(R(st)−1RsRt) and
D =
∞∑
k=1
p
(k)
st xq
(k)
(st)−1
∞∑
i=1
a(i)s
∞∑
j=1
c
(j)
t d
(j)
t−1
b
(i)
s−1
E =
∞∑
k=1
p
(k)
st q
(k)
(st)−1
∞∑
i=1
a(i)s
∞∑
j=1
c
(j)
t xd
(j)
t−1
b
(i)
s−1
then D = E. In partiular, if G is anellable and the following equalities
hold
∞∑
k=1
p
(k)
st q
(k)
(st)−1
=
∞∑
i=1
a(i)s b
(i)
s−1
= 1c(s)
∞∑
j=1
c
(j)
t d
(j)
t−1
= 1c(t)
then
(13)
∞∑
k=1
p
(k)
st xq
(k)
(st)−1
=
∞∑
i=1
a(i)s
∞∑
j=1
c
(j)
t xd
(j)
t−1
b
(i)
s−1
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Proof. Suppose that x ∈ CR(R(st)−1RsRt). The equality D = E follows from
the fat that x ommutes with q
(k)
(st)−1
a
(i)
s c
(j)
t for all positive integers i, j and
k. The equality (13) follows from Lemma 1(a) and the equality D = E. 
Proposition 5. Suppose that R is a ring graded by a ategory G and that
s ∈ G is an isomorphism. For eah positive integer i take a
(i)
s , c
(i)
s ∈ Rs and
b
(i)
s−1
, d
(i)
s−1
∈ Rs−1 with the property that a
(i)
s = b
(i)
s−1
= c
(i)
s = d
(i)
s−1
= 0 for all
but nitely many i. If x ∈ CR(Rs−1Rc(s)Rs) and y ∈ Rc(s), then
(14)
∞∑
i=1
a(i)s xb
(i)
s−1
y
∞∑
j=1
c(j)s d
(j)
s−1
=
∞∑
i=1
a(i)s b
(i)
s−1
y
∞∑
j=1
c(j)s xd
(j)
s−1
In partiular, if G is anellable and
∞∑
i=1
a(i)s b
(i)
s−1
=
∞∑
j=1
c(j)s d
(j)
s−1
= 1c(s)
then
(15)
∞∑
i=1
a(i)s xb
(i)
s−1
∈ CR(Rc(s))
If also x ∈ Z(Rd(s)), then
(16)
∞∑
i=1
a(i)s xb
(i)
s−1
∈ Z(Rc(s))
Proof. Suppose that x ∈ CR(Rs−1Rc(s)Rs) and y ∈ Rc(s). The equality (14)
follows from the fat that x ommutes with b
(i)
s−1
yc
(j)
s for all positive integers
i and j. The laim (15) follows from (11) and (14). The laim (16) follows
from (15) and the fat that Z(Re) = Re ∩ CR(Re) for any e ∈ ob(G). 
Denition 1. Suppose that R is a ring strongly graded by a groupoid G. By
abuse of notation, we let C(R) (or Z(R)) denote the groupoid with CR(Re)
(or Z(Re)), e ∈ ob(G), as objets, and the ring isomorphisms CR(Rd(s)) →
CR(Rc(s)) (or Z(Rd(s))→ Z(Rc(s))), s ∈ G, as morphisms.
Denition 2. Suppose that R is a ring strongly graded by a groupoid G.
For eah s ∈ G and eah positive integer i, take a
(i)
s ∈ Rs and b
(i)
s−1
∈
Rs−1 with the property that a
(i)
s = b
(i)
s−1
= 0 for all but nitely many i
and
∑
∞
i=1 a
(i)
s b
(i)
s−1
= 1c(s). Dene a funtion σs : R → R by σs(x) =∑
∞
i=1 a
(i)
s xb
(i)
s−1
, x ∈ R. By abuse of notation, we let every restrition of
σs to subsets of R also be denoted by σs.
Proposition 6. Suppose that R is a ring strongly graded by a groupoid
G. Then the assoiation of eah e ∈ ob(G) and eah s ∈ G to the ring
CR(Re) (or the ring Z(Re)) and the funtion σs : CR(Rd(s)) → CR(Rc(s))
(or σs : Z(Rd(s)) → Z(Rc(s))) respetively, denes a funtor of groupoids
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σ : G → C(R) (or σ : G → Z(R)). Moreover, σ is uniquely dened on
morphisms by the relations σs(x)rs = rsx and σs(x)1c(s) = σs(x), s ∈ G,
x ∈ CR(Rd(s)) (or x ∈ Z(Rd(s))), rs ∈ Rs.
Proof. We show the laim about C(R). Sine the laim about Z(R) an
be shown in a ompletely analogous way we leave the details of this to the
reader. Take s ∈ G. By (15), σs is well dened. It is lear that σs is additive
and that σs(1Rd(s)) = 1Rc(s) . By (12), σs is multipliative. Take t ∈ G
with d(s) = c(t). By (13), σst = σsσt. By (11), the denition of σs does
not depend on the partiular hoie of a
(i)
s ∈ Rs and b
(i)
s−1
∈ Rs−1 subjet
to the ondition
∑
∞
i=1 a
(i)
s b
(i)
s−1
= 1c(s). Therefore, for eah e ∈ ob(G), we
an make the hoie a
(1)
e = b
(1)
e = 1e and a
(i)
e = b
(i)
e = 0 for all integers
i ≥ 2; it is easy to see that this implies that σe = idCR(Re). For the seond
part of the proof suppose that s ∈ G, x ∈ CR(Rd(s)) and y ∈ R satisfy
yrs = rsx for all rs ∈ Rs. Then σs(x) =
∑
∞
i=1 a
(i)
s xb
(i)
s−1
=
∑
∞
i=1 ya
(i)
s b
(i)
s−1
=
y1c(s) = y. Finally, suppose that s ∈ G, x ∈ CR(Rd(s)) and rs ∈ Rs. Then
σs(x)rs =
∑
∞
i=1 a
(i)
s xb
(i)
s−1
rs =
∑
∞
i=1 a
(i)
s b
(i)
s−1
rsx = 1c(s)rsx = rsx. It is lear
that σs(x)1c(s) = σs(x). 
Theorem 6. The enter of a strongly groupoid graded ring R equals the
olletion of
∑
e∈ob(G) xe, xe ∈ CR(Re), e ∈ ob(G), satisfying σs(xd(s)) =
xc(s), s ∈ G. In partiular, if G is the disjoint union of groups Ge, e ∈ ob(G),
then the enter of R equals the diret sum of the rings CR(Re)
Ge
, e ∈ ob(G).
Proof. Suppose that y =
∑
s∈G ys belongs to the enter of R where ys ∈ Rs,
s ∈ G, and ys = 0 for all but nitely many s ∈ G. Sine 1ey = y1e, e ∈
ob(G), we get that ys = 0 whenever c(s) 6= d(s). Therefore, y =
∑
e∈ob(G) xe
where xe =
∑
s∈Ge
ys, e ∈ ob(G). Sine y ∈ CR(Re), e ∈ ob(G), we get that
xe ∈ CR(Re), e ∈ ob(G). Take s ∈ G. The relation rsy = yrs, rs ∈ Rs,
and the last part of Proposition 6 imply that σs(xd(s)) = xc(s). On the other
hand, it is lear, by the last part of Proposition 6, that all sums
∑
e∈ob(G) xe,
xe ∈ CR(Re), e ∈ ob(G), satisfying σs(xd(s)) = xc(s), s ∈ G, belong to the
enter of R. The last part of the laim is obvious. 
5. Examples
In this setion, we show Theorem 5. Our method will be to generalize,
to ategory graded rings (see Proposition 7), the onstrution given in [3℄
for the group graded situation. To do that, we rst need to introdue some
more notations. Let K be a eld and G a ategory. Suppose that n is a
positive integer and hoose si ∈ G, for 1 ≤ i ≤ n. For 1 ≤ i, j ≤ n, let
eij ∈Mn(K) be the matrix with 1 in the ijth position and 0 elsewhere. For
s ∈ G, we let Rs be the K-vetor subspae of Mn(K) spanned by the set of
eij , for 1 ≤ i, j ≤ n, suh that (si, s) ∈ G
(2)
and sis = sj .
Proposition 7. If s, t ∈ G, then, with the above notations, we get that
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(a) RsRt ⊆ Rst, if (s, t) ∈ G
(2)
, and RsRt = {0}, otherwise.
(b) If G is anellable, then the sum R :=
∑
s∈GRs is diret. Therefore,
in that ase, R is a ring graded by G with omponents Rs, for s ∈ G.
Proof. (a) Suppose that (s, t) ∈ G(2). Take eij ∈ Rs and elk ∈ Rt. If j 6= l,
then eijelk = 0 ∈ Rst. Now let j = l. Then, sine sis = sj and sjt = sk, we
get that sist = sjt = sk. Hene, eijejk = eik ∈ Rst.
(b) Let Xs denote the olletion of pairs (i, j), where 1 ≤ i, j ≤ n, suh
that (si, s) ∈ G
(2)
and sis = sj . Suppose that s 6= t. Seeking a ontradition
suppose that Xs ∩ Xt 6= ∅. Then there would be integers k and l, with
1 ≤ k, l ≤ n, suh that sks = sl = skt. By the anellability of G this
would imply that s = t. Therefore, the sets Xs, for s ∈ G, are pairwise
disjoint. The laim now follows from the fat that Rs =
∑
(i,j)∈Xs
Keij for
all s ∈ G. 
Proof of Theorem 5. Let H be a nite onneted groupoid with at least
one nonidentity morphism. We begin by showing that one may always nd
a subring of a matrix ring whih is strongly graded by H, but whih is not
a rossed produt in the sense of [20℄. If H only has one objet, then it is
a group in whih ase it has already been treated in [3℄. Therefore, from
now on, we assume that we an hoose two dierent objets e and f from
H. We denote the morphisms of H by t1, t2, . . . , tn. For tehnial reasons,
we suppose that tn = e and that d(t1) = f and c(t1) = e. Let us now hoose
n+1 morphisms s1, s2, . . . , sn+1 from H in the following way; si = ti, when
1 ≤ i ≤ n, and sn+1 = tn.
First we dene R aording to the beginning of Setion 5 and show that it
is strongly graded by H. Take (s, t) ∈ H(2) and eki ∈ Rst. This means that
sist = sk. Now pik an integer j with 1 ≤ j ≤ n and sit = sj ; this is possible
sine {si | 1 ≤ i ≤ n} = H. Then eji ∈ Rs and, sine sjs = sits = sk, we get
that ekj ∈ Rs. Therefore, eki = ekjeji ∈ RsRt. Hene, R is strongly graded.
Now we shall show that R is not a rossed produt over H in the sense
dened in [20℄. For g, h ∈ ob(H), let Hg,h denote the set of s ∈ H with
c(s) = g and d(s) = h. Sine H is onneted, all the sets Hg,h have the same
ardinality; denote this ardinality by m. The omponent Re is the K-vetor
spae spanned by the olletion of eij with sie = sj , that is, suh that si = sj
and d(sj) = e. Therefore, the K-dimension of Re equals m+3. Furthermore,
the omponent Rt1 is the K-vetor spae spanned by the olletion of eij
with sit1 = sj . Sine d(t1) = f 6= e, this implies that the K-dimension of
Rt1 equals m + 1. Seeking a ontradition, suppose that Rt1 is free on one
generator u as a left Re-module. Then the map θ : Re → Rt1 , dened by
θ(x) = xu, for x ∈ Re, is, in partiular, an isomorphism of K-vetor spaes.
Sine dimK(Re) = m+ 3 > m+ 1 = dimK(Rt1), this is impossible.
We shall now show that our groupoid G is the disjoint union of onneted
groupoids. Dene an equivalene relation ∼ on ob(G) by saying that e ∼ f ,
for e, f ∈ ob(G), if there is a morphism in G from e to f . Choose a set
E of representatives for the dierent equivalene lasses dened by ∼. For
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eah e ∈ E, let [e] denote the equivalene lass to whih e belongs. Let
G[e] denote the subgroupoid of G with [e] as set of objets and morphisms
s ∈ G with the property that c(s), d(s) ∈ [e]. Then eah G[e], for e ∈ E, is
a onneted groupoid and G =
⊎
e∈E G[e]. For eah e ∈ E, we now wish to
dene a strongly G[e]-graded ring R[e]. We onsider three ases. IfG[e] = {e},
then let R[e] = K. If [e] = {e} but the group G[e] ontains a nonidentity
morphism, then let R[e] be a strongly G[e]-graded ring whih is not a rossed
produt as dened in [3℄. If [e] has more than one element, let R[e] denote
the strongly G[e]-graded ring aording to the onstrution in the rst part
of the proof. We may dene a new ring S to be the diret sum
⊕
e∈E R[e]
and one onludes that S is strongly graded by G but not a rossed produt
in the sense of [20℄. 
Example 1. To exemplify Theorem 5, we now give expliitly the onstru-
tion in the simplest possible ase when G is not a group. Namely, let G be
the unique thin
1
onneted groupoid with two objets. More onretely this
means that the morphisms of G are e, f , s and t; multipliation is dened
by the relations
e2 = e, f2 = f, es = s, te = t, sf = s, ft = t.
Put
s1 = e, s2 = s, s3 = t, s4 = s5 = f.
and dene the G-graded ring R as above. A straightforward alulation
shows that
Re = Ke11 +Ke33
Rf = Ke22 +Ke44 +Ke45 +Ke54 +Ke55
Rs = Ke12 +Ke34 +Ke35
Rt = Ke21 +Ke43 +Ke53
Another straightforward alulation shows that
ReRe = Re, RfRf = Rf , ReRs = Rs
RtRe = Rt, RsRf = Rs, RfRt = Rt.
Therefore R is strongly graded by G. However, R is not a rossed produt in
the sense dened in [20℄. In fat, sine dimK(Rf ) = 5 > 3 = dimK(Rt), the
left Rf -module Rt an not be free on one generator. By a similar argument,
the left Re-module Rs is not free on one generator.
Aknowledgements: The rst author was partially supported by The
Swedish Researh Counil, The Crafoord Foundation, The Royal Physio-
graphi Soiety in Lund, The Swedish Royal Aademy of Sienes, The
Swedish Foundation of International Cooperation in Researh and Higher
Eduation (STINT) and "LieGrits", a Marie Curie Researh Training Net-
work funded by the European Community as projet MRTN-CT 2003-505078.
1
In the sense that there is at most one morphism from one objet to another.
NONCROSSED PRODUCT MATRIX SUBRINGS AND IDEALS OF GRADED RINGS13
Referenes
[1℄ S. Caenepeel, F. Van Oystaeyen, Brauer groups and the ohomology of graded rings.
Monographs and Textbooks in Pure and Applied Mathematis, 121. Marel Dekker,
In., New York (1988).
[2℄ M. Cohen, S. Montgomery, Group-Graded Rings, Smash Produts and Group A-
tions, Trans. Amer. Math. So. 282, no. 1, 237258 (1984).
[3℄ S. D s lesu, B. Ion, C. N st sesu and J. Rios Montes, Group Gradings on Full
Matrix Rings, J. Algebra 220, 709728 (1999).
[4℄ J. W. Fisher, S. Montgomery, Semiprime Skew Group Rings, J. Algebra 52, no. 1,
241247 (1978).
[5℄ E. Formanek, A. I. Lihtman, Ideals in Group Rings of Free Produts, Israel J. Math.
31, no. 1, 101104 (1978).
[6℄ P. J. Higgins, Notes on Categories and Groupoids, Van Nostrand (1971).
[7℄ G. Karpilovsky, The Algebrai Struture of Crossed Produts, x+348 pp. North-
Holland Mathematis Studies, 142. Notas de Matemátia, 118. North-Holland, Ams-
terdam (1987).
[8℄ M. Lorenz, D. S. Passman, Centers and Prime Ideals in Group Algebras of Polyyli-
by-Finite Groups, J. Algebra 57, no. 2, 355386 (1979).
[9℄ M. Lorenz, D. S. Passman, Prime Ideals in Crossed Produts of Finite Groups, Israel
J. Math. 33, no. 2, 89132 (1979).
[10℄ M. Lorenz, D. S. Passman, Addendum - Prime Ideals in Crossed Produts of Finite
Groups, Israel J. Math. 35, no. 4, 311322 (1980).
[11℄ P. Lundström, Crossed Produt Algebras Dened by Separable Extensions, J. Algebra
283 (2005), 723737.
[12℄ P. Lundström, Separable Groupoid Rings, Communiations in Algebra 34 (2006),
30293041.
[13℄ P. Lundström, The Piard Groupoid and Strongly Groupoid Graded Modules, Col-
loquium Mathematium 106 (2006), 113.
[14℄ S. Ma Lane. Categories for the Working Mathematiian. Graduate Texts in Mathe-
matis, 5. Springer-Verlag, New York (1998).
[15℄ C. Nastasesu and F. Van Oystaeyen, Graded Ring Theory, North-Holland Publishing
Co., Amsterdam-New York (1982).
[16℄ E. Nauwelaerts, F. Van Oystaeyen, Introduing Crystalline Graded Algebras, Algebr.
Represent. Theory 11, no. 2, 133148 (2008).
[17℄ T. Neijens, F. Van Oystaeyen, W. W. Yu, Centers of Certain Crystalline Graded
Rings. Preprint in preparation (2007).
[18℄ S. Montgomery, D. S. Passman, Crossed Produts over Prime Rings, Israel J. Math.
31, no. 3-4, 224256 (1978).
[19℄ J. Öinert, Simple group graded rings and maximal ommutativity, arXiv:0904.4661v1
[math.RA℄
[20℄ J. Öinert, P. Lundström, Commutativity and Ideals in Category Crossed Produts,
Preprints in Mathematial Sienes 2008:22, LUTFMA-5106-2008, ISSN 1403-9338
[21℄ J. Öinert, S. D. Silvestrov, Commutativity and Ideals in Algebrai Crossed Produts,
J. Gen. Lie T. Appl. 2, no. 4, 287302 (2008).
[22℄ J. Öinert, S. D. Silvestrov, On a Correspondene Between Ideals and Commutativity
in Algebrai Crossed Produts, J. Gen. Lie T. Appl. 2, no. 3, 216220 (2008).
[23℄ J. Öinert, S. D. Silvestrov, Crossed Produt-Like and Pre-Crystalline Graded Rings,
16 pp. in Generalized Lie Theory in Mathematis, Physis and Beyond. Conferene
proeedings of Algebra, Geometry and Mathematial Physis, Balti-Nordi Work
shop (Lund, Otober 12-14 2006). Springer (2008).
[24℄ J. Öinert, S. Silvestrov, Commutativity and Ideals in Pre-Crystalline Graded Rings,
Preprints in Mathematial Sienes 2008:17, LUTFMA-5101-2008, ISSN 1403-9338
14 JOHAN ÖINERT AND PATRIK LUNDSTRÖM
[25℄ J. Öinert, S. Silvestrov, T. Theohari-Apostolidi and H. Vavatsoulas, Commutativity
and Ideals in Strongly Graded Rings, Preprints in Mathematial Sienes 2008:13,
LUTFMA-5100-2008, ISSN 1403-9338
[26℄ D. S. Passman, The Algebrai Struture of Group Rings, xiv+720 pp. Pure and
Applied Mathematis. Wiley-Intersiene (John Wiley & Sons), New York-London-
Sydney (1977).
[27℄ L. Rowen, Some Results on the Center of a ring with Polynomial Identity, Bull. Amer.
Math. So. 79 (1973), 219223.
[28℄ C. Svensson, S. Silvestrov, M. de Jeu, Dynamial Systems and Commutants in
Crossed Produts, Internat. J. Math. 18, no. 4, 455471 (2007).
[29℄ C. Svensson, S. Silvestrov, M. de Jeu, Connetions between dynamial systems and
rossed produts of Banah algebras by Z, to appear in the proeedings of Operator
Theory, Analysis and Mathematial Physis, OTAMP-2006, Lund, Sweden, June 15-
22, 2006. (Preprints in Mathematial Sienes 2007:5, LUTFMA-5081-2007; Leiden
Mathematial Institute report 2007-02; arXiv:math/0702118).
[30℄ C. Svensson, S. Silvestrov, M. de Jeu, Dynamial systems assoviated with rossed
produts, to appear in the proeedings of Operator Methods in Fratal Analysis,
Wavelets and Dynamial Systems, BIRS, Ban, Canada, Deember 2 - Deember
7, 2006. (Preprints in Mathematial Sienes 2007:22, LUTFMA-5088-2007; Leiden
Mathematial Institute report 2007-30; arXiv:0707.1818).
[31℄ C. Svensson, J. Tomiyama, On the ommutant of C(X) in C∗-rossed produts by Z
and their representations. arXiv:0807.2940
[32℄ F. Van Oystaeyen, On Cliord Systems and Generalized Crossed Produts, J. Algebra
87, 396415 (1984).
Johan Öinert, Centre for Mathematial Sienes, Lund University, P.O.
Box 118, SE-22100 Lund, Sweden
E-mail address: Johan.Oinertmath.lth.se
Patrik Lundström, University West, Department of Engineering Siene,
SE-46186 Trollhättan, Sweden
E-mail address: Patrik.Lundstromhv.se
